A FUNCTORIAL LOWER BOUND FOR THE 
ESSENTIAL MINIMUM OF VARIETIES IN A POWER 
OF AN ELLIPTIC CURVE 



Evelina 

Abstract. A subvariety V of an abelian variety is translate if 
it is the union of translates of proper algebraic subgroups. An 
irreducible V is transverse if it is not contained in any translate 
variety. Effective sharp lower bounds for a transverse subvarieties 
of a power of an elliptic curve E are known. Here, we prove a 
sharp lower bound for the essential minimum of non-translate sub- 
varieties of . 

1. INTRODUCTION 

In this work, variety means a variety defined over the algebraic num- 
bers. Let A be an abelian variety. To a symmetric ample line bundle C 
on A we associate an embedding ic '■ A ^ P"^ defined by the minimal 
power of £ which is very ample. Heights and degrees corresponding 
to C are computed via such an embedding. More precisely, he is the 
/^-canonical Neron-Tate height. The degree of a subvariety of A is the 
degree of its image under ic- For E an elliptic curve, we denote by O 
the line bundle on E defined by the neutral element. The standard line 
bundle On on i?" is the tensor product of the pull-back of O via the 
natural projections. In this paper, we consider irreducible subvarieties 
V of E"'. We are going to analyse the sets of points of small height of 
V, with respect to different line bundles. 

It is well-known that the set of torsion points of A is a dense subset 
of A and it coincides with the points of trivial height on A. A quite 
deep problem is to investigate lower bounds for the points of A of pos- 
itive height (ex. Baker and Silvermann [3j, [19], David and Hindry [6], 
Masser [I3]). A general question is to study the height of points on an 
algebraic subvariety F of A of positive dimension d. We say that V 
is torsion if it is the union of some translates of algebraic subgroups 



^Evelina Viada, University of Basel, Rheinsprung 21, CH-4051 Basel Switzerland, 
evelina.viada@unibas.ch. 

^Supported by the SNF (Swiss National Science Foundation). 

^Mathematics Subject classification (2000): 11J95, 14K12, 11G50 and 11D45. 
Key words: Elliptic curves, Varieties, Normalized Height of Varieties, Diophantine 
approximation. 

1 



2 



EVELINA VIADA 



of A by torsion points. Moreover an irreducible V is transverse if it is 
not contained in any translate of an abelian subvariety. The Manin- 
Mumford conjecture (Raynaud [TH|) ensures that the torsion points 
are dense in V if and only if V is torsion. The Bogomolov Conjecture 
(Ullmo [21] and Zhang [25]) is a statemnt on the points of V of positive 
height. 

Essential minimum: The essential minimum fic{V) "is the supremum 
of the reals 9 such that the set {x G V^(Q) : hc{x) < 9} is non-dense 
in V . 

Bogomolov Conjecture: The essential minimum f^ciV) is strictly pos- 
itive if and only if V is non-torsion. 

The problem of giving explicit bounds for ^ciV) depending on the 
invariants of V and of the ambient variety has been investigated in sev- 
eral deep works (for instance in the toric case Amoroso and David [1], 
Bombieri and Zannier [1], Schmidt [20] and in the abelian case David 
and Philippon [8], [9]). Different points of view can be assumed. On 
one side one can fix, once for all, the embedding of the ambient variety 
in a projective space. This corresponds to fixing a polarization on A. 
On the other hand one can vary the embedding and investigates the 
dependence of the essential minimum on the embedding. 

Most of the known results are obtained after fixing a standard embed- 
ding. Amoroso and David [1] theorem 1.4 prove a quasi-optimal lower 
bound of the essential minimum of a transverse subvariety of a torus. A 
new and simplified approach is introduced by Amoroso and the author 
[2]. David and Philippon [7], [S] optained several non-optimal lower 
bounds for the essential minimum of a subvariety of a general abelian 
variety and stronger bounds for a subvariety of a power of an elliptic 
curve. In a preprint, Galateau [TU] proves a quasi-optimal lower bound 
in a product of elliptic curves. 

If the polarization varies, we expect that the polarization influences 
the essential minimum in a natural way. This kind of problems are 
called 'functorial Bogomolov'. For tori, a functorial conjecture has 
been introduced by Amoroso and David [1]. Not much is proven in 
this direction. Some results in the toric case and for V a translate of a 
subtorus are proven by Sombra and Philippon [TB]. A weak-functorial 
result has applications in the context of the so called Zilber-Pink con- 
jecture, which is a generalization of a work of Bombieri, Masser and 
Zannier and of the Mordell-Lang plus Bogomolov problem. In our 
works [22] proposition 13.3, [23J proposition 4.3 and [21] proposition 
4.6 we produce a functorial result in the very special case of an isogeny 
of i?" or of an abelian variety. This motivated our interest. In [22j, we 
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advice an isogeny functoriality. This is the first result of this paper. 
From the main result of Galateau ^lOj, we deduce: 

Theorem 1.1. Let V be a transverse subvariety of of dimension 
d. Then, for any isogeny (f> : and any r] > 0, 

where Ci{E"',t]) is a positive constant depending on i?" and rj. 

Since jjOni^P^) = l^(f>*On{^) can deduce relations of the several 
essential minimi of the image of a variety via isogenics. 

After this first result, we were induced to belive to a more general 
functorial principle. Let us clarify the setting from another point of 
view. Only under the geometric assumption that V is transverse, there 
exist non trivial lower bounds for However, an irreducible variety 

V is always 'relatively' transverse, meaning that it is transverse in a 
minimal translate H of an abelian subvariety of the ambient variety 
E^ . If on E'^ we consider the standard polarization, what can one 
say on the essential minimum of V7 In other words, we consider on H 
the restriction of the standard polarization of E'^ . Such a restriction 
is in general not the standard polarization of H. Our main result is 
an elliptic analogue, up to a remainder term, of a toric conjecture of 
Amoroso and David. 

Theorem 1.2. Let H be the translate of an abelian subvariety of E^ 
of dimension n. Let V be a d- dimensional variety transverse in H. 
Then, for any f] > 0, there exists a positive constant C2 such that 



I^oAV) > C2 



J. 

i — d 



To prove the theorem, we first assume that H is an abelian variety. 
This hypothesis is then removed with a simple trick, proposition 16. 2[ 
The main idea of the proof is to approximate V (Z H with V C H in a 
more convenient position, see section HI For this we use a 'small' trans- 
formation, constructed with some technical steps in section [3 Then 
we prove that the restriction of on H is comparable to tensor prod- 
ucts of pull backs of the standard polarization on H, proposition 15. 1[ 
We finally prove that essential minimum and degrees behave well with 
respect to such operations. For this we use, among other, theorem II. 1[ 
We would like to mention that what we actually prove is: 
if a quasi-optimal bound for the essential minimum holds for the stan- 
dard polarization, then a natural analog holds for the restrictions of the 
standard polarization to an abelian subvariety. 
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Finally, in the appendix we present a proposition of Patrice Philippon, 
which clarifies the relation between functorial conjectures. 

In the next section we fix the notation and we prove some basic re- 
sults. In section |3] we prove theorem II. 1[ In section H] we describe the 
geometric situation. Thanks to a technical result proven in section [3, 
we approximate our varieties with more convenient ones. For such va- 
rieties, we then prove an equivalence of line bundles which represents 
one of the key ingredients of the proof. In section [6] we conclude the 
proof of theorem 11.21 In the appendix we relate our result to other 
conjectures. 

Acknowledgments It is a pleasure for me to thank Patrice Philippon 
for the appendix and Gael Remond for several remarks and contribu- 
tion. 



2. Preliminaries 

2.1. Morphisms. Let be an elliptic curve defined over the algebraic 
numbers. We denote by End{E) the ring of endomorphism of E, that 
is an order in a quadratic field. We fix an embedding of End{E) in 
C, and for a G End{E) we indicate by |a| the standard absolute value 
in C. Note that such a value does not depend on the choice of the 
embedding. 

Let n < be positive integers. Recall that for a morphism ip : E^ — »• 

kei ilj = {xeE^ : '^{x) = 0}. 
To a matrix G Mat„xAf(End(£')) we associate a morphism 

i) : E^ ^ E", (Xi, ...,Xn)^ (^lia^lH hV'lArXAr, . . .,tpnlXi^ hV'nArXAr). 

Viceversa to a morphism : E'^ E^, we associate the matrix defin- 
ing its kernel 



'tpn^i H h AnXn = 



^tpnlXl H \-i^nNXN = 0. 

Lemma 2.1 (Kernel relations). They hold: 

i. For ifj G MatArxm(End(£;)) and ip' G Matm'xAf(End(£')) with 
m.m' G N*, 

ii. For a G Matix7v-n(End(E)), b G Matix„(End(E)), 
a 6 =^^M b 
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Proof. The first relation is proven by 

i/j-^keiip' = ijj^^ix e : i/j\x) = 0} = {y e E^ : tjj'ij{y) = 0} = kert/^V. 
The second relation is a simple Gauss reduction. □ 

We define the norm of a morphism ip : E'^ — > i?" as the maximum of 
the absolute value of the entries of its associated matrix 

1 1^1 1 = max \iJij\. 

2.2. Basic relations of degrees. In the first instance, we recall basic 
relations of degrees. Let n and m be positive integers. Let £ be a 
symmetric ample line bundle on i?" and let C"^ be the tensor product 
of £, m-times. Let V be an irreducible algebraic subvariety of i?" of 
dimension d. Then, 

(1) deg^^y = m'^deg^y. 

We now study some relations of degrees under the action of the multi- 
plication morphism, or more in general under the action of an isogeny. 
For a G End(i?), we denote by [a] the multiplication by a on i?". 
Hindry pjj Lemma 6 proves 

(2) degc[a]-^V = |a|2("-'^) deg^ V 
and 

lap'' 

Let (j) : E^ be an isogeny. Projection's Formula gives 

deg^.^1^ = deg£ 

For a finite set S we denote by IS"! its cardinality. By [12j Corollary 
(6.6) page 68 

deg^,^i?" = |ker0|deg^i?". 

We now recall a lemma which relates the degree of a variety and of its 
push-forward under an isogeny of the ambient variety. This relation 
will be used in several occasions. 

Lemma 2.2 ([2^ Lemma 4.2). Let cf) : E^ ^ E^ be an isogeny. Let V 
be an irreducible algebraic subvariety of E^ . Then 

deg^ (/),(y) = I Stab V n ker (j)\ deg^ (j){y). 
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2.3. Basic relations of essential minimi. We now investigate useful 
relations for the essential minimum. By definition, h^*c{x) = hc{(fi{x)), 
then 

In addition 

(4) f^cAV) = mficiV). 
A more interesting property is 

Lemma 2.3. Let (pi be isogenies of E"-. Then 

i 

Proof. The proof is worked out by contraddiction. In addition it real- 
izes on the height relation h^^(i,*c{x) = h(j,*c{x) for everx x G E^. 

Suppose, by contradiction, that the conclusion of the lemma does not 
hold. In other words that lJ-(^,(t,* ciV) < f^<f>*c{V)- Then there exists 
a dense subset U of V such that 

(5) hiu)<J2f^r.c{^)^ 

i 

meaning that each element of U has height bounded by Yliil^ftylciY)- 
From the definition of iJi^*ciy)i the set of points of V such that h^*c{.x) < 
l^<t>iciy) is contained in a closed subset Vi C. V. Since U is dense, 
U' = U \UiVi,nU is also dense in y. In addition, for every x G [/', 
h4>*c{x) > ^^<f>;c(y)- Then, for all x G U', h(^^^*c{x) = Y.iK*c{x) > 
Y.\fJ'r,c{V) and h{U) > J2i f^<t>*c{V)- Which contradicts ©. ' □ 

3. The isogeny functoriality 

In this section we concentrate on the dependence of the essential min- 
imum under isogenies. We deduce theorem 11.11 from a non-functorial 
result of Galateau. 

Theorem 3.1 (Galateau [IQ]). Let On be the standard line bundle on 
E"-. For any rj > 0, there exists a positive constant Co{E'^,r]) such that 
for any transverse subvariety V of E"- of positive dimension d, it holds 

His proof does not extend to other line bundles. In addition he needs 
to use a choice of a particular basis of global sections. The proof does 
not work for other choices. 

For an isogeny (p : E"" i?", we show that a lower bound like in 
theorem 13.11 holds for the polarization cp * 

mathcalOn- An basic role in the proof is played by stabilizers. An 
isogeny is a group morphism, thus the stabilizer of the image or preim- 
age of a variety can be easily understood. On one hand, the stabilizer 
of V is related to the fiber of (p on V . On the other hand, stabilizers 
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are related to the degree of the variety via the well-known formulas 
(E]). We define a special variety depending on V and (j). Such a variety 
allows us to produce a kind of reverse degree formula. This will be a 
key ingredient to prove theorem ll.li Let us prove a first elementary 
lemma. 

Lemma 3.2. Let <j) : ^ be an isogeny. Then, 

i. Stab (f)'\V) = (Stab V). 

ii. Let (f> be an isogeny such that cfxj) = ipcj) = [a] . Then 

|Stab (^"^(F) nker[a]| = |ker0||Stab y nker(/)|. 

Proof, i. Let t e Stab (p'^iV) then 

(l)~\V)+t C(I)-\V). 

Taking the image, V + (j){t) C V and (f){t) G Stab V . That gives 
t G 0~i(Stab V). Conversely, let t G Stab V, then 

V + tdV 

and taking the preimage (/)~i(V^+t) C (j)^^V . Then(/)-i(t) C Stab (j)^^{y). 

ii. By part i. applied to 0, we have Stab (j)~^{y) = (j)~^{Stah V). As 
(j)(f) = [a], ker[a] = 0~-^(ker0). Then 

Stab ^'\V) n ker[a] = (Stab V n ker 0) . 

□ 

We are now ready to prove the isogeny functoriality. For the conve- 
nience of the reader we recall the statement. 

Theorem II. IL Let V be a transverse subvariety of of dimension 
d. Then, for any isogeny : and any rj > 0, 



where ci^E"^ ,rf) = 3 '^-''co{E",2{n—d)r]) and co{E"' , t]) is as in theorem 

Proof. Let a be an integer of minimal absolute value such that there 
exists an isogeny with 00 = 00 = [a]. Then by definition of dual 
isogeny \a\ < |det0|. Define 

W = ^-\v). 

We have 

[a]W = (j)^W = 000-^(1^) = 0(F). 

Then 

(6) l^roAV) = fioMV)) = f^oA[a]W) = \a\'fioAW). 
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In order to apply theorem |3. 11 we estimate deg^^ W. By formula 



1 2d 



deg,„ HV) = de,aMW = ,3,,^ ^ ker[a]| ^^^-^ ^ 
or equivalently 

. IStab t^nker[a]| 

Using Lemma [3.21 ii. and Lemma [2 ■2[ we obtain 

dego„IV= ^^IStab ynker0|dego„0(l^) 



ker 



a 



2d 



dego„ 0*(V'). 



We now estimate /^©^(VF) using theorem |3. II For simplicity we denote 
Co = CQ^E^^rj). Note that isogenies preserve dimensions and trasver- 
sality, so dim W = dim V = d and W is transverse. We obtain 



fioAW)>co{dega„ W) 



1 2d 



Co 



ker(/)|dego^ (j),{V) 

\2dr ™ ^ TT^+'J 



'ker0|dego„0*(l^)/ 

-n / laP'^dego ^^^^ 
= 3— Co ^ ^21^ degc, E^)-\ 

indeed deg^^ E"- = 3" We substitute this last estimate in ([6]), then 

> |ar3-co ( -^€^^^^^]^^'\dego E^^' 
\|ker(/)| dego^ 

\ |ker(/)||ker0|dego^(/),(y) / 

(|„|2n ™ \ 

= 3-^Co {^^^^) (degc,„ i?")-|a|-("-)^ 
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where | ker0|| ker0| = lap" because (p(j) = (p(j) = [a]. In addition 

deg^.c.„ = I ker <P\ dega„ = | det 0| deg^,,^ E\ 
Since \a\ < \ deg 

{dega,^E^r^\a\-'^--'^^ > (degc,„ i?"|a|)-2(--'^)'' > (deg^.^^^ i?-)-2(n-^).. 



Then 



This easily imphes the wished bound. □ 

Note that, theorem 11.11 imphes theorem 13.11 simply choosing (j) = id. 
So, we have proven 

Corollary 3.3. Theorem \3.1\ and theore'm \l.l\ are equivalent. 
4. The minimal abelian subvariety containing V 

In this section we assume that H is an abelian subvariety of of 
dimension n. In proposition 16. 21 we will see how to adapt our argument 
to the general case of a translate of an abelian subvariety. 

Lemma 4.1. Let H be an abelian subvariety of E^ of dimension n. 
Then there exists an isogeny 

such that: 

i. The rank of Lpn is N — n and the rank of tpn' is n, 

ii. ip{H) = {0}^-" X E". 

iii. I det if\ < k, for k < 32^28"^'. 

Proof. By a lemma of Betrand, (see the appendix of [17] proposition 
5.1). We can find a complement H' of H such that H + H' = E^ and 
the cardinality of H n H' is bounded by a constant ki depending only 
on n, A^. A closer inspection of the proof of this lemma, shows that 
eventualy ki < 2^"'^ . 

By Masser and Wiistholz [12] Lemma 1.3, there exists a matrix Lp^ ^ 
Mat(jv_„)xAr(End(i?)) of rank N — n such that ]^eI lph = H + t for r a 
torsion group contained in H' of cardinality bounded by deg^^ E'^ = 
3^ . Similarly, let ipn' G Matnxiv(End(i?)) be a matrix of rank n such 
that ker ipH' = H' + t' for r' a torsion group contained in H of cardi- 
nality bounded by 3^ . Define the isogeny 

'^'') : E^ E^ . 



Then 

ker = (// + r) n {H' + r') = {H f] H') + t + t' < Ki3'^^ . 
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□ 

Using the isomorphism produced in the appendix, we are going to 
approximate H with a H in a convenient position in . 

Lemma 4.2. Let ip he the isogeny defined in lemma Then, there 
exists an isomorphism T : E^ such that: 

i. imi,iiT-ii<^Q 

ii. All n X n minors of the matrix consisting of the last n columns 
of {LpT)~^ are different from zero. 

Proof. Apply proposition 17.21 to the matrix ifj consisting of the last n 
rows of {(f~^y, the transpose of the inverse of ip. Then there exists a 
permutation matrix J and a matrix Tq such that: 

- All the n X n minors of {lp'^YJTq are different from zero. 

Then all n x n minors of the last n columns of T^J^p"^ are non 
zero. Note that T^J^p-^ = {<p{J-y{TQy)-\ In addition Tq^ = 

( ^n" I • Thus the lemma is proven for T = ( J~^)*(Tq~^)*. □ 

\^ U iaiv_„y 

This isomorphism is particularly nice. For our problem of estimating 
the essential minimum, we will see that it is equivalent to work in the 
domain or in the codomain of T, up to a constant depending on 
and n. This is a consequence of the fact that the entries of T are 
bounded by a constant and of an estimate by Masser and Wiistholz. 
This estimate relates the degree of a variety and of its push-forward 
via an isogeny. 

Lemma 4.3 ([B] Lemma 2.3). Let : E^ E^ be an isogeny. Let 
X be an irreducible algebraic subvariety of E^ of dimension d. Then, 

deg^^,(X)<A'^(3A||^||)2'^deg^X 
We can then easily deduce the following: 

Lemma 4.4. Let T be as in lemma \4~^ Then 

i. {N\\T\\)~^hc{x) <hc{T-^x) < {N\\T'mfhc{x), for every x e 
E^, 

ii. degcT-\H) > (9A3||r||2)-"deg^//, 

iii. degcT-^V < {dN^lT-^W^'f deg^V . 

Proof. The second inequality of part i. is simply given by the triangle 
inequality. The triangle inequality also gives hc{x) = hc{TT~^{x)) < 
{N\\T\\fhc{T-^{x)). This is the first inequality of i. 
To prove part ii. apply lemma 1131 with X = T'^H, then 

deg^H = deg^TT'\H) < {m \\T\\f- deg ^T-\H) 

= N{9N'^\\T\\'^)'' deg^T-\H). 
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Note that T ^ is an isomorphism so T is irreducible. 
Part iii. is an immediate apphcation of Lemma [4.31 with X = V. □ 

Thanks to the isomorphism T, we can give to the abehan subvariety 
H a convenient position, in the sense that follows. We construct a 
matrix (p, which has the property that all minors of the last n columns 
are non zero. Moreover its entries are close to the entries of Lp. 

Definition 4.5. Let ip he as in lemma "JH and let T be as in lemma 
14- S\ We define the abelian subvariety 

and the isogeny 

where (f)H G Mativ_„xJv(End(-E')). 

The kernel relation, immediately gives 

H = T-^H C ker 0^- 

Note that, the isogeny cf) : sends H to the last n factors, 

0(H) = X ■ ■ ■ X X E". 

Indeed 0(H) = (p{H), which has by construction such a property, see 
lemma 14.11 ii. We denote the immersion on the last n factors by 

i: E"^ ^ E^, {xi, . . . ,x„) ^ (0, . . . ,0,xi, . . . ,x„). 

An immediate consequence of lemmas 12.21 and 14.11 is 

Corollary 4.6. Let C be a symmetric ample line bundle on Then, 
for as above, 

degc r0,(H) = I det 01 deg^ E"" < k deg^ E"". 

Proof. We first remark that | det (f)\ < n. This simply follows by lemma 
14.11 iii. and the fact that T is an isomorphism. Now, apply lemma 12.21 
to and H. Then degj^£0*(H) = | det0| degj_^£0(H). Note that the 
map i preserves the degree of subvarieties of {0}^~" x E"'. In addition 
0(H) = So I det 01 degi^c '/'(H) = | det 0| deg^ E". □ 

Definition 4.7. Let a be the minimal positive integer such that there 
exists an isogeny satisfing 00 = 00 = [a]. We decompose = {A\B) 
with A e MatArx(7v-n)(End(i?)) and B G Mativxn(End(E')). We denote 
by Oi the i-th row of A, similarly 

/ b, \ 

bJ'! 

Note that, by definition of dual isogeny a < \ det > 
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Lemma 4.8. For I E I = {{ii, . . . ,in) '■ G {1, . . . , A^} and ij < 

ij+i} the morphism 




is an isogeny. 

Proof. As (j)(f) = aid AT, lemma IT2] ii. implies that all n x n minors of B 
are non-zero. Then det (pi ^ 0. This is equivalent to say that (pi is an 
isogeny. □ 



5. An equivalence of line bundles 

In this section, we work with the canonical line bundle On on the 
ambient variety . For H an abelian subvariety, we study On\h- If 
H has a sufficiently general position, we can express On\h as tensor 
products and bull-backs via isogenies of the canonical bundle On on 
H. 

Let C and be line bundles. We denote by ci(£) a representative of 
the first Chern-class of C By ffl we mean the sum of cycles and by £™ 
we mean the tensor product of C m-times. Recall that ci{C ® M.) = 
ci(£) ffl ci{M). For / a morphism Ci(/*£) = /"^Ci(£). 

We recall that O is the line bundle on E defined by the neutral 
element. The standard line bundle On on i?" is the tensor product of 
the pull-back of O via the natural projections. Let Ci : E^ ^ E and 
fi : E^ E he the projections on the z-th factor. Note that Cj and 
fi are the vectors of a standard basis of Z" and Z^. By definition of 
standard line bundle, 

ci(a) = fflr=ikerei, 
Ci(OAr) = ffliIiker/,. 

Note that, for any integer a, ker(a/j) = ker(/j[a]) = [a]~-'^ker/j = 
[a]* ker /j. In addition, by [12] page 34 corollary 3.6, for C a symmetric 
ample line bundle on E^, 

ci([a]*£) = ci(£"'). 

Then, 

ci(0-') = fflilikera/,. 
Let us first state a basic relation which proves useful. 

Lemma 5.1. In the above notation, it holds 
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Proof. Note that, 

btj \afi 

where a is given in definition 14.71 From lemma I4.8[ bi ^ for all 
1 < i < N. Thus the rank of ( ^^^"^ ^ \ jg — n + 1. Since 



at 

is invertible also (^j) has rank N — n + 1. This means that kera/j 

2 

intersects generically H. Then, the restriction bundle O'^ |jj satisfies 
ci(0^'|h) = H n ci(0^') = H n (fflkera/,) = ffl^Ii ker g-). 



□ 



We sum up the situation with the following diagram: 

H — > Ox E'' < — E'' 
Theorem 5.2. The following equivalence of line bundles holds 

H T 



where (jxp = (pcf) = [a] is as in definition \4. 7| and (pj is defined in lemma 

M 

Proof. Two line bundles are equivalent if and only if they have the 
same Chern-class. Recall that 

ci(0„) = ffl^^ikerci. 

For any isogeny -0 : i?" i?", 

cirOn) = = fflr=iker(e,^) = ffl^Li ker(V'.), 

where ipi : E"' ^ E is the i-th row of ifj. 
Apply this formula to each Then, for / = (zi, . . . , 

(7) ci {(P*jOn) = ker ffl . . . ffl ker . 

Since the Chern class of the tensor product is the sum of the Chern 
classes, we obtain 

(8) ci (^04>}o}j =ffl/ei(kerfo,,ffl...fflker6ij = ^(^^^ffl,^iker6,, 

where the last equality is justified from the fact that the cardinality 
of I is (^), in addition each multi-index / consists of n coordinates 
and each of the indices appears with the same recurrence, so each 



14 EVELINA VIADA 

row appears -^(^)-times. Note that, for a bundle on ci(i^,£) = 
|Qj. iv-n ^ ci(£). In view of Lemma [2.11 ii.. we deduce 

C:(i.(g)^;0„)=(^:|)ffl.1.ker("«-» «) 
Recall that (pep = [a]. Using lemma [2J] i. and lemma ISTTl we conclude 

n-1 '-^ \ ai hi 



N -I 
n — 



□ 

I am gratefuU to Gael Remond for suggesting me the following proof. 
Proposition 5.3. The following equivalence of degrees holds 

deg (g) (/>}a = ( ^ _ J E '^^^^ 

Proof. We compute the degrees as intersection numbers. By relation 
(IT]), we have 

deg (j)*^On = n ' 

where the product has the sens of intersection number. Similarly, by 
formula dHl), we obtain 

deg®,0^a = n!f _J n^er = J E^eg^l^. 

□ 

6. The proof of theorem II. 2[ The conclusion 

We first prove a weak form of theorem II. 2[ We then remove the 
restrictive hypothesis. 

Theorem 6.1. Theorem M.^ holds for H an abelian subvariety and an 
explicit positive constant c'{E, n, N, rf). 
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Proof. First we prove the theorem for 

H = T-^H = ker (pn 

and 

V = T-V, 

where T is as in lemma The isomorphism T preserves transversahty 
and dimensions. So dimH = n, dimV = d and is the dimension of 
the ambient variety. Since V is transverse in H, i*(/)*(V) is transverse 
in 



By lemma 12.31 we know that 

I 

We apply Theorem 11.11 to each $/ on i?" and On- For simplicity we 
denote Ci = Ci{E"', rf). We deduce that for each /, 

1 



\ deg^.o. E- ) 

^0jo„(«*0*(V)) > ci 



We obtain 

(deg^|o„ E 



Since each bundle is ample, for every variety X, we have deg^.^^ X < 

deg^^0*0^ X. Recall that, for Xi > 1, Xj)^/™ < ^ x^"^. Using then 
Proposition 15. 3[ we deduce 



> 



Ar_i\^+"'' (degg,^^*c?„^" 



Therefore 
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Note that i?" = z*0(H). Moreover, by corollary 
fi;"Meg2*0*(H). Define 

,-1 



degE" < 



C2 = CiK 



We deduce 



iV_i\^S+"Mdeg^^^.o, 



n — 1 



By theorem 15.21 and relations ([T]) and we obtain 
deg0^0|O„ ^>*(H) = deg ^^m-n H 



On, 



a 



N -1 
n — 1 



deg0^<^*o„ i*0*(V) = deg ^^/^-n V 



a 



N -1 
n — 1 

N-1 
n — 1 



dego^ H, 



dego^ V, 



/^o..(V). 



a 



N -1 
n — 1 



Then 

/ - 1\ 

AiOiv(V) > C2 a' 

In conclusion 

/io^(V)>C2a-2("+'^)'' 



n — 1 



n l-(n+d)r, _ -l^+n^ ^^^^^^ jj^ 

n — 1 



n — 1 



N-l\ ^-"^"^ (dego H) 



By Lemma EH a < | det 01 < k. Then, for C3 = C2«;2("-'^)'' 



(degp^ H) 



So we just proved the theorem for V and H. We are now going 
to show it for V and H. This is a consequence of the fact that the 
isomorphism T does not change much degrees and heights (see lemma 

m- 

By lemma l44l i. we deduce that //©^(F) > indeed isomor- 

phisms preserve non-dense subsets of varieties. Then 



, (dego,H)^-^("+'^+^)-' 
(degc,,V)^+'' 
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By Lemma [4.41 ii. and iii. we obtain 



(9iV^||r||^)-^+"''(9A^''||T 



In view of lemma |12]i., ||r||, ||T-i|| < ^(^). Thus 



where 



C4 = C3(9iV)^+("-'^)'' 



n 



This directly gives the wished result. □ 

We now relax the hypothesis on H . We prove theorem 11.21 for V 
transverse in a translate of an abelian subvariety. 

Proposition 6.2. Theorem holds for H a translate of an abelian 
subvariety and a positive constant c" = |c', where c' is as in theorem 

Proof. Suppose that V is transverse in a translate H of an abelian 
subvariety. Define 



9 = d 



, {dego^H)^^-'< 



If the set of points of V of height at most is empty then niV) > ^9. 
If not, choose a point ^ G y such that h{^) < \9. Then V — d H . 
Translations preserve transversality and degrees. By theorem 16.11 for 

^{y-O>0. 

Ifx G V im<lh{x) < 161, then x-^ G V - ^ and h{x - ^) < h{x) + h{^) < 
9 < fJ^iy — 0- This shows that 

□ 

7. A Matrix Transformation 

The method used to prove theorem 11.21 works for matrices which 
have certain minors different from zero. Such a condition is an open 
condition. Therefore, any matrix can be approximate with a matrix 
satisfying such a condition via a 'small' rotation. As rational numbers 
are dense in the reals, one can assume that the rotation is rational. 
We want to ensure that the rotation is integral and that the absolute 
value of the entries is controlled by an absolute constant. We explicitly 
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construct the transformation. As usual, the most comphcated part is 
to control the size of its entries (see proposition I7.2I) . 

Let 1 < n < N he integers. We denote by Mtv the identity matrix of 
size A^. For a matrix ip G Mat„x7v(I^) "we denote by '0j the z-th column 
of -0. For a multi-index / = (zi, . . . , z„) with ij G {1, . . . , N}, we define 
the associated minor 

M,(^) =det(z^,,...V.J. 

For 1 < i,j < N and A G M, we denote by Ej.,(A) the matrix such 
that the entry at the i row and j column is equal to Idjj + A and all 
other entries are equal to the corresponding entry of the identity. Note 
that, for a matrix X, the multiplication 

XEjj(A) = (Xi, . . . ,Xj + \Xi, . . . , Xjy). 

Let p be a subset of {1, . . . , N}. We say that p G / if all elements of 
p are coordinates of /, and p ^ / if such a condition is not satisfied. 

Lemma 7.1. Let G Mat,ixAf(End(i?)) be a matrix. Assume that all 
the nx n minors of the matrix consisting of the first N — 1 columns of 
(f) are non zero. Then, there exist integers Ai, . . . A„ and a permutation 
ii, . . . ,in of 1, ... ,n such that: 

ii. For A = Ej^_/vr(Ai) . . .Ej^_jv(An), all the nx n minors of (f)A are 
non zero. 

Proof. To prove the lemma is equivalent to prove the following claim. 
Claim 

For < r < n, there exists a set pr C {1, . . . , n, A^}, an index i^ G 
{1, . . . , n, A^} and an integer A^, such that 

ii. \pr\ = r + 1 , 

iii. Define 

A^' = E,„,^(0)E,,,jv(Ai)...E,,,^(A,), 

Then, for any multi-index I such that pr ^ /, 

M,(0O ^ 0. 

First we clarify that the claim for r = n proves the lemma. Indeed, the 
cardinality of p„ is n + 1, so no index / contains p„. Then all the nx n 
minors of ^A*" are non zero. In addition A = A^, because Ei^fc(O) = Mat. 

Then, we prove the claim by induction on r. 

Let r = 0. Define po = {A^}, io = N and Aq = 0. Note that 
IEAr,Ar(0) = Hat and (f)^ = (j). By assumption all n x n minors of the 
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first — 1 columns of 4> are non zero. Equivalently, li N ^ I then 
Mi{(j)^) 7^ 0. So tlie claim is satisfied for r = 

Let r > 1. Suppose to have proven the claim for r — 1, we prove it 
for r. If all minors of (f/'^^ are non zero, define = 0, choose any 
element v ^ Pr-i with l<ir<n and define p,. = p^-iU^. Otherwise, 
choose a multi- index such that Mi^[(jf^^) = 0. By claim iii. for 
r — l,N& Pr-i e Ir- Decompose Ir — (/o, N) where Jo is a multi-index 
which has n — 1 entries. Then, for a question of cardinality, there exists 
1 < ir < n and v ^ ^o- So ir ^ Pr-i- Define Pr = Pr-i Uv- Then claim 
ii. is satisfied for r. ^ 

Let Sr be the set of values ~ ^^(^r-ij , for / ranging over all indeces 
I = (/i,A^) with V ^ h and J = Note that Mj(0'-i) = 

Mj{4>) 7^ 0, by assumption. The cardinality of Sr is at most ;^(^)- 
For a question of cardinality, there exists an integer ^ Sr such that 
|Ar| < ^(^). Note that A^ 7^ because MiX(t> ) = is a value in Sr- 

Using the linearity of the determinant on the rows, we show claim iii. 
for r. Suppose that Pr ^ I- 

- U N ^ I or ir e I, then p,._i I and Mj((/)'') = M/((/)^-i) ^ 0, 
because of claim iii. for r — 1, 

- If AT e / and ^ /, then I = {h, N) and M/(0^) = Mi{4f-^) + 
\rM(^i^^i^){(jf~^) 7^ because A^ ^ Sr- 

□ 

Proposition 7.2. Let e Mat„xJv(End(£')) be a matrix of rank n. 
There exists a permutation matrix J and an upper triangular integral 
matrix T e SLj^{'L) such that 

'■^=('0" idL)''"''l^-^lsM:). 

ii. All the n x n minors of ipJT are non zero. 

Proof. The rank of ip is n. Then, up to a permutation of the columns 
given by a matrix J, we can assume that the first n columns of ■i/' have 
rank n. 

We proceed by induction on N. The basis of the induction is n. 
For N = n the proposition is clearly satisfied with T = Mat. 
Let N > n. Suppose the proposition holds for — 1, we show that 
it holds for N . 

Let -0 e Mat„xAr(End(i?)) be such that the first n columns have rank 
n. Recall that is the z-th column of ■0. Define (f) = {ipi, . . . , i/jn-i)- 
By inductive hypothesis there exists an upper triangular integral matrix 

R e S'Ljv-i(Z) such that 

i. P^," ^ ^ and |y,J < ^r-'), 

\^ Idjv-n-l/ ' ^' - ^-IV n 

ii. All the n x n minors of (f)R are different from zero. 
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Define T' = . Then ip' = i/jT' = {(/)R\iPn) is such that all 

minors of the first — 1 columns are non-zero. Apply lemma 17.11 
to i/j'. Then for |Ai| < ^(^) and A = Ei^,Ar(Ai) . . .Ei„,Ar(A„), all the 
n X n minors of i/j'A are non zero. Define T = T'A. Note that T = 

T ^^ I where X = (Y\X) and A is the column vector ffiven by 
Id7v_„y ^ ' ^ 

a permutation of (Ai, . . . , A„). This proves the proposition for A^. □ 
8. Appendix I: A conjectural implication 

F. Amoroso, S. David and P. Philippon related the essential minimum 
of a transverse variety with the relative obstruction index. Let H be 
the translate of an abelian subvariety of containing V. The relative 
obstruction index is 

^c{V,H) = mindeg^Z, 

for Z varying over all divisors of H containing V. 

The following conjecture can be deduced form work of Amoroso, 
David and Philippon. 

Conjecture 8.1. Let H he the translate of an abelian subvariety of 
of dimension n. Let V be transverse in H . For any symmetric ample 
line bundle C on E^ , there exists a positive constant ci depending on 
E^ and C such that 

l^dV) > ci — 777-777. 

In view of our theorem 11.21 we can suggest 

Conjecture 8.2. Let H be the translate of an abelian subvariety of 
E^ of dimension n. Let V be a d-dimensional variety transverse in H . 
Then, for any polarization C on E^ , there exists a positive constant c[ 
depending on E^ and C such that 



l^ciV) > c[ 



deg^H 



We conclude our work clarifying the relation, pointed out by Philip- 
pon, between the conjecture 18.11 and our conjecture 18.21 

Proposition 8.3. Conjecture \8.1\ implies Coniecture \8.2 . 

Proof We denote by -C an inequality up to a multiplicative constant, 
depending only on irrelevant parameters. Let H be the translate of an 
abelian subvariety of dimension n and let C be any line bundle on H. 
Let V be transverse in H of dimension d. We shall prove that 

u;c{V,H) ^fdeg^V 



deg£i? \degcH 
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The main result of M. Chardin [5] gives the following upper bound 
for the Hilbert function 

The remark 1 of [5], implies the lower bound for the Hilbert function 

n\ 

for u ^ deg£ H. 

Choose u minimal so that Hc{H,u) < HciVju) and u ^ deg^ if. 
Then 

/ n! deg^V 

Equivalently, there exists a hyperplane of F" containing V but not H 
of degree < u. By Bezout's theorem, this hypersurface defines a divisor 
of H containing V of degree < u deg^ H. It follows 



1 

rt — d 



uJc{V, H) <u degjr H < deg^ H 
This concludes the proof. 



deg£ V \ "-'^ 
degcH 



□ 



Finally we remark that in [9], David and Philippon manage to ob- 
tain a lower bound for the essential minimum of a transverse variety 
in a power of an elliptic curve where h{E) is at the numerator. Un- 
fortunately they lost in the dependens on deg^^ V. This is not strong 
enough to apply the method presented in this work and to extend their 
result to other polarizations. However, they announce a strong conjec- 
ture, [H] conjecture 1.5 ii. Using our method, we can conclude that if 
P conjecture 1.5 ii. holds for Ojy, then it holds for the restrictions of 
the standard line bundle to translates of abehan subvarieties. 
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